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1. INTRODUCTION
 .Let R, m be a d-dimensional Noetherian local ring with infinite
 . 2residue field and e be the multiplicity of R. Let G m s Rrm [ mrm
[ m 2rm 3 [ ??? be the associated graded ring of R with respect to m. It
 .is easy to show that if G m is Cohen]Macaulay, then so is R. However, if
 .R is a Cohen]Macaulay ring, then it is not necessary that G m is
Cohen]Macaulay. In fact, it is seldom true that properties of R can be
 .carried over to G m . Thus, it is natural to ask what properties of R can
 .lead to good properties in G m .
Let R be a d-dimensional local Cohen]Macaulay ring of embedding
w x w xdimension ¨ and multiplicity e. In 3 and 4 , Sally studied the conditions
¨ s e q d y n, where n s 1, 2, 3. She proved that if ¨ s e q d y 1, then
 .  .G m is Cohen]Macaulay, and if ¨ s e q d y 2, then G m is
Cohen]Macaulay if and only if m 3 s J m 2 for some minimal reduction J.
w x  .She then asked in 5 whether ¨ s e q d y 2 implies that depth G m G
d y 1. In this paper, we give a positive answer to this question by showing
the following:
 .THEOREM 3.1. Let R, m be a d-dimensional local Cohen]Macaulay
ring of embedding dimension e q d y 2 with infinite residue field. Then
 .depthG m G d y 1.
w xThe idea of the proof comes from a method developed in 7 concerning
w xthe Hilbert coefficients and the Sally module defined in 6 .
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2. SOME BASIC LEMMAS
 .Throughout this section, let R, m be a two-dimensional local
Cohen]Macaulay ring of embedding dimension e with infinite residue
field, where e is the multiplicity of R. Since Rrm is infinite we can choose
x, y g m _ m 2 such that both x and y are superficial elements of m and
 .  .J s x, y is a minimal reduction of m. Let r s r I be the reductionJ
number of I with respect to J, and let l be the smallest integer such that
lq1 lm s J m , where the overbar means mod x. Then it is clear that l F r.
2 w x wWe may assume that m / J m; otherwise by 1, Corollary 2.10 or 7,
` nx  .  .  .  .  . .Lemma 2.1 , e m s e m s l mrJ s l mrJ s  l m , J rJ .1 1 ns1
w x  .Then by 2, Corollary 4.8 , G m is Cohen]Macaulay. We shall prove some
basic lemmas in this section for preparation. Although some of them have
w xbeen shown in 5 , we reprove them for completeness.
w  .x  nq1 n.LEMMA 2.1 5, Lemma 3.1 ii . l m rJ m F 1 ;n G 1.
 .Proof. Since m m s e, there are z , . . . , z g m such that m s1 ey2
 .  .x, y, z , . . . , z . Moreover, l mrJ s e y 1, we see that there exists an1 ey2
unique integer k, 1 F k F e y 2, such that
J q z , . . . , z .1 i
l s 1 if i / k , /J q z , . . . , z .1 iy1
and
J q z , . . . , z .1 k
l s 2. /J q z , . . . , z .1 ky1
Therefore, we have ; i / k,
z m : J q z , . . . , z l m 2 s J m q z , . . . , z m . 1 .  .  . .i 1 iy1 1 iy1
Notice that
J q z , . . . , z .1 k
Rr J q z , . . . , z : z ( , . . .1 ky1 k J q z , . . . , z .1 ky1
   .. ..so we have l mr J q z , . . . , z : z s 1, hence there is an element1 ky1 k
  ..  .w g m such that m s J q z , . . . , z : z q w and wm :1 ky1 k
  ..J q z , . . . , z : z , it follows that1 ky1 k
z m : wz q J q z , . . . , z l m 2 .  . .k k 1 ky1
s wz q J m q z , . . . , z m 2 .  .  .k 1 ky1
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and
wz m : J q z , . . . , z l m 2 s J m q z , . . . , z m . .  . .k 1 ky1 1 ky1
 . n nBy using 2 inductively, we obtain that ;n G 1, z m : J m qk
 . n  n .z , . . . , z m q w z .1 ky1 k
 .To finish the proof, let n G 1. Then by using 1 inductively, we obtain
m nq1 s J m n q z , . . . , z m n .1 ey2
s J m n q z , . . . , z m n .1 ey3
s ???
s J m n q z , . . . , z m n .1 k
s J m n q z , . . . , z m n q w nz .  .1 ky1 k
s ???
s J m n q w nz .k
and
w nz m : w ny1 wz m : m ny1 J m q z , . . . , z m .  . .k k 1 ky1
s J m n q z , . . . , z m n s J m n . .1 ky1
nq1 n .Therefore l m rJ m F 1.
w  .x 3LEMMA 2.2 5, Lemma 3.1 i . m : J m.
Proof. From the proof of Lemma 2.1, we see that there exist z, w g m
2  . 3 2  2 .  2 .such that m s J m q zw and m s J m q zw . Since l m rJ m F
2 3 .1, zw g zw m : J m; therefore, m : J m as desired.
LEMMA 2.3. Assume m 3 / J m 2 and let z g m _ m 2 be such that
m 2 s J m q zm. Then for e¨ery element w g m 2 _ J m , wz g m 3 _ J m 2.
Proof. By assumption, m 3 s J m 2 q zm 2. Since m 3 / J m 2, there ex-
ists u g m 2 _ J m such that zu g m 3 _ J m 2. Let w g m 2 _ J m. Then by
Lemma 2.1, there exists an unit l such that u y lw g J m and so
3 2zw g m _ J m .
w x 3 2LEMMA 2.4 5, Lemma 5.3 . Assume m / J m . Then m s
 .x, y, z, z , . . . , z for some z, z , . . . , z g m such that z m : J m ; i.1 ey3 1 ey3 i
Proof. Since m 2 / J m , we may choose z, z , . . . , z g m such that1 ey3
 . 2m s x, y, z, z , . . . , z and m s J m q zm.1 ey3
If for some i, z m o J m , then m 2 s J m q z m and there exists u g mi i
such that z u g m 2 _ J m. It follows by Lemma 2.3 that both elementsi
COHEN]MACAULAY LOCAL RINGS 229
2 2  3 2 .  .zz u and z u are not in J m . Since l m rJ m s 1, z y l z z u gi i i i
2  . 2J m for some unit l. Notice that if z y l z m ­ J m , then m s J m qi
 .  . 2z y l z m so that by Lemma 2.3 again, z y l z z u f J m , a contra-i i i
 .diction. Hence z y l z m : J m and we may change the generator z byi i
z y l z to fulfill the assertion.i
3 2  .LEMMA 2.5. Assume m / J m and m s x, y, z, z , . . . , z with1 ey3
n k  . nq1 ky1z m : J m ; i. If J m s a , . . . , a q J m for some n G 0 andi 1 t
n kq1  . nq1 kk G 1, then J m s a z, . . . , a z q J m .1 t
n k  . nq1 kProof. Since a g J m , by Lemma 2.4, a m : a z q J m qi i i
ey3 n k  . nq1 k n kq1  . z J m : a z q J m . It follows that J m s a , . . . , a mjs1 j i 1 t
nq1 k nq1 k .q J m s a z, . . . , a z q J m .1 t
LEMMA 2.6. Let l be defined as in the beginning. Then the following hold:
 .i l G 2.
 .  .  .ii e m s l mrJ q l y 1.1
 . lq1 l w  .xiii l is the smallest integer such that m ' J m mod y .
 . k ky1 k ky1iv m : x s m and m : y s m ;k F l.
 . lq1 l lq1 l lq1 lv If m / J m , then m : x o m and m : y o m .
 .Proof. Let the overbars denote mod x in the following.
2 2 .i If l s 1, then m s J m and so m s J m , a contradiction.
Hence l G 2.
 . w x w xii By 1, Corollary 2.10 or 7, Lemma 2.1 ,
` ly1
nq1 n nq1 ne m s e m s l m rJ m s l mrJ q l m rJ m . .  .  . .  . 1 1
ns0 ns1
nq1 n nq1 n nq1 n .  .  .However, l m rJ m F l m rJ m F 1 and l m rJ m G 1,
nq1 n .;1 F n - l, and we have l m rJ m s 1 ;1 F n - l; therefore,
 .  .e m s l mrJ q l y 1.1
 .iii Notice that y is also a superficial element of m , followed by
 . l9q1the proof of ii . We see that if l9 is the smallest integer such that m '
l9 w  .x  .  .J m mod y , e m s l mrJ q l9 y 1. Hence l9 s l.1
 .  k  ky1  .iv From the above, we have seen that l m r J m q x l
k k ky1 k ky1...  .  .m s l m rJ m s 1 ;2 F k F l. However, l m rJ m F 1, we
 . k ky1 k ky1obtain x l m : J m ;2 F k F l. Therefore m : x s m , as well
as m k : y s m ky1, will easily be proven by induction.
lq1 l lq1 l lq1 .  . .v Since m s J m , m s J m q x l m . Therefore, if
lq1 l  . lq1 l lq1 lm / J m , then x l m o J m and so m : x o m . Similarly,
lq1 lm : y o m .
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 .From the proof of Lemma 2.6 iv , it is easy to see the following:
COROLLARY 2.7. ;n G 1 and ;k F l, J n m k : x s J n m k : y s J ny1 m k.
We now consider for 1 F k F r the short exact sequence
nq1
fnk ky1 n k nq1 ky10 ª T ª m rJ m ª S s J m rJ m ª 0,[k , n k , n
 n ny1 n.  .  .where f s x , x y, . . . , y and T s ker f . T s 0 if n F 0.n k , n n k , n
w x  .In 7 , it has been shown that T is useful in computing e m , so wek , n 1
state some results about T in the next lemma. For the proof, we referk , n
w x w xthe reader to 6 and 7 .
 .  .  .  nq1 n .LEMMA 2.8. i e m s l mrJ q lim l m rJ m rn and for1 nª`
 nq1 n . r  .n 4 0, l m rJ m s  l S .ks2 k , nq1yk
 .  .ii ;1 F k F r, either T s 0;n or l T is a polynomial in n ofk , n k , n
degree 1 for n 4 0.
 .iii T s 0 ;n.1, n
For later use, we shall derive in the following more results about T .k , n
 .  .LEMMA 2.9. i ;2 F k F r, either T s 0;n or l T is a monick , n k , n
polynomial in n of degree 1 for n 4 0.
 .ii ;2 F k F l, T s 0 ;n.k , n
 .  .Proof. i follows from Lemma 2.8 ii and the fact that ;2 F k F r,
l T F n q 1 l m krJ m ky1 s n q 1. .  .  .k , n
 .To see ii , let 2 F k F l. If for some n, T / 0, then there arek , n
elements u , . . . , u g m k not all in J m ky1 such that n u x ny i y i g0 n is0 i
nq1 ky1  ky1. nJ m s J m J . Changing u if necessary we may assume thati
n u x ny i y i s 0.is0 i
 4Note that x, y forms a regular sequence, so there are elements
w , . . . , w such that u s w y, u s yw x q w y ;1 F i F n y 1, and1 n 0 1 i i iq1
u s yw x. Therefore, by Lemma 2.6, w g m ky1 ; i and then u gn n i i
ky1  .J m ; i, a contradiction. Hence ii holds.
 .LEMMA 2.10. If l s r, then depth G m ) 0.
 .Proof. If l s r, then by Lemma 2.6 ii ,
`
k ky1e m s l mrJ q l y 1 s l mrJ q r y 1 s l m rJ m . .  .  .  .1
ks1
w x  .Therefore, by 1, Theorem 3.1 , depth G m ) 0.
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3 2  .COROLLARY 2.11. If m s J m , then depth G m ) 0.
 . 3 2Proof. By Lemma 2.6 i , l G 2. If m s J m , then 2 F l F r F 2, so
 .that l s r. It follows by Lemma 2.10 that depth G m ) 0.
w xThe above corollary also follows from 4, Lemma 3.4 .
lq1 l  .LEMMA 2.12. If m / J m , then l T is a monic polynomial in nlq1, n
for n 4 0.
lq1 l  .Proof. If m / J m , then r G l q 1, so that by Lemmas 2.8 i and
 .2.9 ii ,
e m s l mrJ q lim l m nq1rJ n m rn .  .  .1
nª`
r
s l mrJ q lim l S rn .  . k , nq1yk
nª`ks2
lq1
G l mrJ q lim l S rn .  . k , nq1yk
nª`ks2
lq1
k ky1s l mrJ q lim n q 2 y k rn l m rJ m .  . .  .
nª`ks2
lq1
y lim l T rn . k , nq1yk
nª`ks2
s l mrJ q l y lim l T rn. .  .lq1, nyl
nª`
 .  .If T s 0 ;n, then e m G l mrJ q l, which contradicts Lemmalq1, n 1
 .  .  .2.6 ii . Hence by Lemma 2.9 i , l T is a monic polynomial in n oflq1, n
degree 1 for n 4 0.
3. MAIN RESULT
The goal of this section is to prove the following:
 .THEOREM 3.1. Let R, m be a d-dimensional local Cohen]Macaulay
ring of embedding dimension e q d y 2 with infinite residue field. Then
 .depthG m G d y 1.
w xBy 4 , it suffices to consider the case d s 2, so we assume in the
following that d s 2.
 .We shall fix some notations as we did in previous section: Let J s x, y
be a minimal reduction of m such that both x and y are superficial
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elements of m. If m 3 s J m 2, then Theorem 3.1 holds by Corollary 2.11.
3 2 Hence we may further assume that m / J m and m s x, y, z,
.z , . . . , z with z m : J m as in Lemma 2.5.1 ey3 i
Let r be the reduction number of m with respect to J and let l be the
lq1 lsmallest integer such that m s J m , where the overbar means mod x;
then 2 F l F r by Lemma 2.6.
 .If l - r, then by Lemma 2.12, l T is a monic polynomial in n forlq1, n
n 4 0. If so, let t be the smallest positive integer such that T / 0.lq1, t
In the following we will derive some results under the condition that
l - r.
LEMMA 3.2. If l - r, then there is an element w f m ly1 such that
wxy g m lq1 _ J m l.
 . l lq1Proof. By Lemma 2.6 v , there exists u f m such that uy g m ,
lq1 l l l .hence u y g m s J m s y m . Therefore u g m and there exists w
such that wx y u g m l; it follows that wxy g m lq1 and w f m ly1.
 l . lOtherwise, u g m . Furthermore, if wxy g J m , then by Corollary 2.7
ly1 land Lemma 2.6, w g m , a contradiction. Hence wyx f J m .
 k ky1.Note that ;k G 2 l m rJ m F 1, so T and S are k vectork , n k , n
spaces ;k G 2, where k s Rrm. In what follows, if l - r, then w will be
lq1 l w xan element such that wxy g m _ J m , and if F g R X, Y , then we use
 .f to express F x, y .
LEMMA 3.3. If l - r, then the following hold:
 . w xi There is a homogeneous polynomial F g R X, Y of degree t with
the coefficients of Y t and X t units such that wf g J ty1 m l and m lq1 f :
J tq1 m l.
 . tq1 ty1 lq1 t l tq1 ty1 lq1ii wx g J m _ J m and wJ : J m .
 .  n lq1 nq1 l.iii ;n G t y 1, l J m rJ m s t and
J n m lq1 s wx nq2 , wx nq1 y , . . . , wx nq3yt y ty1 q J nq1 m l . .
 . ty1 k lq1yk t liv Let 2 F k F l. If for some u g J m , uz g J m , then
u g J t m ky1.
 . lq1 lProof. i Since T / 0, there are u , . . . , u g m not all in J mlq1, t 0 t
such that t u x i y ty i g J tq1 m l. Furthermore by Lemma 3.2, wxy gis0 i
m lq1 _ J m l, so there are l , . . . , l not all in m such that u y l wxy g0 t i i
J m l. It follows that t l wxyx i y ty i g J tq1 m l.is0 i
If l g m , then l wxyy t g J t m lq2 : J tq1 m l by Lemma 2.2.0 0
Hence  t l wxyx i y ty i g J tq 1 m l; therefore by Corollary 2.7,is 1 i
ty1 l wxyx i y ty1yi g J t m l. Since l , . . . , l are not all in m , we haveis0 iq1 1 t
T / 0, which contradicts the choice of t. Thus, l is a unit. Simi-lq1, ty1 0
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larly, l is a unit. Let F s l Y t q l XY ty1 q ??? ql X t. Thent 0 1 t
wxyf g J tq1 m l from the above, so that wf g J ty1 m l by Corollary 2.7.
lq1  . l tq1 lMoreover m f : wxyf q m Jf : J m .
 . lq1 t l ty1 lq1 tq1ii Since wxy g m and wxf g J m : J m , we have wx s
ly1 wxf y ly1 wxyty1 l x i y ty1yi g J ty1 m lq1. If wx tq1 g J t m l, then byt t is0 i
Corollary 2.7 and Lemma 2.6, w g m ly1, which contradicts Lemma 3.2.
Moreover, ;0 F i F t q 1, wx tq1 y i g J ty1qi m lq1, by Corollary 2.7 again,
wx tq1yi y i g J ty1 m lq1. Thus, wJ tq1 : J ty1 m lq1.
 .  nq2 nq1 nq3yt ty14iii First notice that ;n G t y 1, wx , wx y, . . . , wx y
is linearly independent in J n m lq1rJ nq1 m l. If not, there are l , . . . , l0 ty1
not all in m such that ty1 l wx nq2yi y i g J nq1 m l, or equivalently,is0 i
ty1 ty1yi i ty2 l  nq2 nq1 l l wx y g J m . If t s 1, then wx g J m ; hence w gis0 i
ly1 . ty1 ty1yi i t lm , a contradiction. It follows that  l wxyx y g J m and thenis0 i
T / 0, which is impossible.lq1, ty1
 . nq2yt nq1 lMoreover, from i , wfJ : J m . By using the fact that l is a0
unit, it is easy to see that ; t F i F n q 2,
wx nq2yi y i g wx nq2 , wx nq1 y , . . . , wx nq3yi y iy1 q J nq1 m l .
and then
J n m lq1 s wx nq2 , wx nq1 y , . . . , wx nq3yt y ty1 q J nq1 m l . .
 nq2 nq1 nq3yt ty14 n lq1 nq1 lSo, wx , wx y, . . . , wx y is a basis of J m rJ m and
 n lq1 nq1 l.l J m rJ m s t.
 .iv Let 2 F k F l. Note that T s 0 ; G 0 by Lemma 2.9, sok , n
 ty1 k t ky1.  .  ty1 lq1 t l.l J m rJ m s t. Also, by iii , l J m rJ m s t. It follows
 4 ty1 k t ky1by Lemma 2.5 that if u , . . . , u is a basis of J m rJ m , then1 t
 lq1yk lq1yk4 ty1 lq1 t lu z , . . . , u z is a basis of J m rJ m . Therefore if u g1 t
ty1 k t ky1 lq1yk t lJ m _ J m , then uz f J m .
LEMMA 3.4. If l - r, then the following hold:
 .i Let k G l q 1 and n G t y 1. Then
J n m k s wx nq2 z ky ly1 , wx nq1 yz ky ly1 , . . . , wx nq3yt y ty1z ky ly1 .
q J nq1 m ky1.
 . nq1 k n kii Let k G l q 1 and n G t y 1. If ux g J m , then u g J m .
 .iii Let k ) 1 and n G t y 1. If for some j, 0 F j F t y 1,
wx nq2 z ky ly1 , . . . , wx nq2yj y j z ky ly1 4
n k nq1 ky1  n k nq1 ky1.is linearly dependent in J m rJ m , then l J m rJ m F j.
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 .  .Proof. i follows from Lemmas 2.5 and 3.3 iii .
 . nq1 lq1ii We prove by induction on k. If k s l q 1 and ux g J m , then
 .by Lemma 3.3 iii ,
J nq1 m lq1 s wx nq3 , wx nq2 y , . . . , wx nq4yt y ty1 q J nq2 m l , .
so that there are l , . . . , l such that0 ty1
ty1
nq2yi i nq2 lu y l wx y x g J m ; i /
is0
hence by Corollary 2.7,
ty1
nq2yi i nq1 l n lq1u y l wx y g J m : J m . i
is0
nq2 n lq1  .However, wJ : J m by Lemma 3.3 ii and it follows that u g
J n m lq1.
nq1 k  .Assume k ) l q 1 and ux g J m . By i , since
J nq1 m k s wx nq3z ky ly1 , . . . , wx nq4yt y ty1z ky ly1 q J nq2 m ky1 , .
there are l , . . . , l such that0 ty1
ty1
nq2yi i kyly1 nq2 ky1u y l wx y z x g J m ; i /
is0
hence by induction,
ty1
nq2yi i kyly1 nq1 ky1 n ku y l wx y z g J m : J m . i
is0
It follows that u g J n m k. This completes the proof.
 .iii Observe that we may assume that j is the smallest integer such that
wx nq2 z ky ly1 , . . . , wx nq2yj y j z ky ly1 4
is linearly dependent in J n m krJ nq1 m ky1. Therefore there are l , . . . , l0 j
with l is a unit such thatj
j
nq2yi i kyly1 nq1 ky1l wx y z g J m . i
is0
COHEN]MACAULAY LOCAL RINGS 235
Let 0 F s F t y 1 y j. Then
j
nq2yi iqs kyly1 nq1qs ky1l wx y z g J m . i
is0
 .Therefore by ii ,
j
nq2yiys iqs kyly1 nq1 ky1l wx y z g J m . i
is0
Since l is a unit, we obtain that ; i, j F i F t y 1,j
wx nq2yi y iz ky ly1 g wx nq2 z ky ly1 , . . . , wx nq3yi y iy1z ky ly1 q J nq1 m ky1 .
 nq2yi i kyly1 nq1 ky1 .wx y z g J m if j s 0 and so
J n m k s wx nq2 z ky ly1 , . . . , wx nq3yj y jy1z ky ly1 q J nq1 m ky1 .
 n k nq1 ky1 .  n k nq1 ky1.J m s J m if j s 0 . Hence we obtain l J m rJ m F j
as desired.
COROLLARY 3.5. Assume that l - r and let k ) l q 1. If
 ty1 k t ky1.  n k nq1 ky1.l J m rJ m s c, then l J m rJ m s c ;n G t y 1.
Proof. If c s 0, then wx tq1z ky ly1 g J ty1 m k s J t m ky1; hence
nq2 kyly1 nq1 ky1  .  n kwx z g J m . Therefore by Lemma 3.4 iii , l J m r
nq1 ky1.J m s 0.
 .Assume that c ) 0. By Lemma 3.4 iii ,
wx tq1z ky ly1 , . . . , wx tq2yc y cy1z ky ly1 3 4  .
is linearly independent in J ty1 m krJ t m ky1 and furthermore
wx tq1z ky ly1 , . . . , wx tq2yc y cy1z ky ly1 , wx tq1yc y cz ky ly1 4 4  .
is linearly dependent in J ty1 m krJ t m ky1.
 nq2 kyly1 nq3yc cy1 kyly14If wx z , . . . , wx y z is linearly dependent in
J n m krJ nq1 m ky1 for some n ) t y 1, then there are l , . . . , l not all0 cy1
in m such that cy1 l wx nq2yi y iz ky ly1 g J nq1 m ky1. However by Lemmais0 i
 . cy1 tq1yi i kyly1 t ky1  .3.4 ii ,  l wx y z g J m , which is a contradiction to 3 .is0 i
 n k nq1 ky1.Therefore l J m rJ m G c.
 .On the other hand, from 4 there are l , . . . , l not all in m such that0 c
c l wx tq1y i y i z ky ly1 g J t m ky1. Then c l wx nq2y i y i z ky ly1 gis0 i is0 i
J nq1 m ky1; hence
wx nq2 z ky ly1 , . . . , wx nq2yc y cz ky ly1 4
n k nq1 ky1  .is linearly dependent in J m rJ m . Therefore by Lemma 3.4 iii ,
n k nq1 ky1 .l J m rJ m F c.
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 .In the sequel, if l - r, then set for k G l q 1, c s l S , and setk k , ty1
 4  .N s max k ¬ c / 0 . It follows by Lemma 3.3 iii and Corollary 3.5 thatk
 .l S s c ;n G t y 1. Moreover, it is easy to see from Lemma 2.5 thatk , n k
c F c F ??? F c s t.N Ny1 lq1
COROLLARY 3.6. Assume that l - r. Let l q 1 F k F N. Then there is a
w x ckhomogeneous polynomial F g R X, Y of degree c with the coefficient of Yk
a unit such that wz ky ly1 fJ tyck : J ty1 m ky1 and fJ tyck m k : J tq1 m ky1.
 .Proof. If k s l q 1, then the assertion followed from Lemma 3.3 i .
 tq1 kyly1 tq1yck ck ky ly14Assume that k ) l q 1. Notice that wx z , . . . , wx y z
ty 1 k t ky 1  tq 1 ky ly 1is linearly dependent in J m rJ m and wx z ,
tq2yck cky1 kyly14 ty1 k t ky1. . . ,wx y z is linearly independent in J m rJ m , so it
is clear that there is a homogeneous polynomial F of degree c with thek
coefficient of Y ck a unit such that wx tq1yck z ky ly1 f g J t m ky1. It follows
 . tyck ky ly1 ty1 ky1by Lemma 3.4 ii that wx z f g J m . Furthermore, let 0 F i
tyck i kyly1 ty1qi ky1  .F t y c . Then wx y z f g J m . Hence by Lemma 3.4 iik
again, wx tyckyi y iz ky ly1 f g J ty1 m ky1. Thus, wz ky ly1 fJ tyck : J ty1 m ky1.
To see fJ ty ck m k : J tq 1 m ky 1, notice that wxyz ky ly 1 x ty 1 f s
ky ly 1 ty c k c ky 1 tq c k ky 1  .wz fx xyx g J m . Therefore by Lemma 3.4 ii ,
ky ly1 tyck tq1 ky1 k  ky ly1.wxyz x f g J m . However, by Lemma 2.5, m s wxyz
ky1 tyck k tq1 ky1  .q J m ; hence we obtain fx m : J m . By Lemma 3.4 ii again,
we see that fx tyckyi y i m k : J tq1 m ky1 ;0 F i F t y c . Thus, fJ tyck m k :k
tq1 ky1J m .
LEMMA 3.7. Assume that l - r. Let l q 1 F k - N. Let F and F bek kq1
polynomials satisfied by the conclusion of Corollary 3.6. Then F ¬ F inkq1 k
w xk X, Y .
w xProof. Suppose that F is not a factor of F in k X, Y . Since thekq1 k
coefficient of the Y ckq 1 term of F is a unit, F s F G q X ckq1 yckq 1 Hkq1 k kq1
w xfor some G, H g R X, Y such that H is a homogeneous polynomial of
degree c y 1 with coefficients not all in m.kq1
Let n G t y 1 q c y c . Since wx tyck z ky ly1 f g J ty1 m ky1 andk kq1 k
wx tyckq 1 z ky l f g J ty1 m k,kq1
wx nq2yck z ky l f g J nq1 m kk
and
wx nq2yck z ky l f g g J nq1 m k ,kq1
it follows that
wx nq2yck z ky l x ckq1 yckq 1 h g J nq1 m k ,
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i.e., wx nq3yckq 1 z ky lh g J nq1 m k. Since deg h s c y 1 and the coeffi-kq1
 nq2 kylcients of h are not all in m , we obtain that wx z , . . . ,
nq3yckq 1 ckq 1y1 kyl4 n kq1 nq1 kwx y z is linearly dependent in J m rJ m . There-
 .  n kq1 nq1 k .fore by Lemma 3.4 iii , l J m rJ m F c y 1 - c , whichkq1 kq1
w xcontradicts the definition of c . Hence F is a factor of F in k X, Y .kq1 kq1 k
Corollary 3.6 has the following improvement:
COROLLARY 3.8. Assume that l - r. Then there are homogeneous polyno-
mials F , k s l q 1, . . . , N, of degree c with the coefficient of Y ck a unitk k
such that not only wz ky ly1 f J tyck : J ty1 m ky1 and f J tyck m k : J tq1 m ky1k k
< < < w x; l q 1 F k F N, but also F F ??? F in R X, Y .N Ny1 lq1
Proof. By Corollary 3.6, we can find homogeneous polynomials F ,k
k s l q 1, . . . , N, of degree c with the coefficient of Y ck a unit such thatk
wz ky ly1 f J tyck : J ty1 m ky1 and f J tyck m k : J tq1 m ky1. Furthermorek k
< < < w xby Lemma 3.7, F F ??? F in k X, Y . Therefore there areN Ny1 lq1
X X w x < X < < X w xF , . . . , F g R X, Y such that F F ??? F in R X, Y andNy1 lq1 N Ny1 lq1
X    .ck ..F ' F mod m X, Y .k k
To show the assertion, it remains to show that wz ky ly1 f X J tyck :k
J ty1 m ky1 and f X J tyck m k : J tq1 m ky1 ; l q 1 F k F N. However, sincek
ky ly1 tyck t ky1  .wxz f J : J m and by Lemma 3.3 ii ,k
wxz ky ly1J ck m J tyck : wJ tq1 m ky l : J ty1 m kq1 .
s J ty1 m ky2 m 3 : J t m ky1 ,
we have wxz ky ly1 f X J tyck : J t m ky1 as f y f X g J ck m. Therefore byk k k
 .  . ky ly1 X tyckLemma 3.4 ii or Corollary 2.7 in case k s l q 1 , wz f J :k
J ty1 m ky1. Furthermore, since f J tyck m k : J tq1 m ky1 and by Lemma 2.2,k
J ck m J tyck m k s J t m ky2 m 3 : J tq1 m ky1, we obtain that f X J tyck m k :k
tq1 ky1J m .
In what follows, if l - r, then F , k s l q 1, . . . , N, will be polynomialsk
that satisfy the conclusion of Corollary 3.8.
LEMMA 3.9. Assume that l - r. Let l q 1 - k F N and n G t y 1. Then
the following hold:
 . nq1 ky1 n ky1i If c s c , and if uz g J m for some u g J m , thenky1 k
u g J nq1 m ky2.
 . nq1 ky1ii If d s c y c ) 0 and if uz g J m for some u gky1 k
J n m ky1, then
u g wx nq2yck z ky ly2 f , . . . , wx nq3yckyd y dy1z ky ly2 f q J nq1 m ky2 . .k k
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 .Notice that n q 3 y c y d s n q 3 y c G 2 and by Lemma 3.3 ii ,k ky1
;0 F i F d y 1,
wx nq2yckyi y iz ky ly2 f g wJ nq2 m ky ly2 s wJ tq1J ny tq1 m ky ly2 : J n m ky1.k
 .  4Proof. i Since c s c , by Lemma 2.5, if u , . . . , u is a basis ofky1 k 1 cky 1n ky1 nq1 ky2  4 n k nq1 ky1J m rJ m , then u z, . . . , u z is a basis of J m rJ m .1 cky 1
Therefore the conclusion follows.
 .ii Observe first that
wx nq2yck z ky ly2 f , . . . , wx nq3yckyd y dy1z ky ly2 f 4k k
is linearly independent in J n m ky1rJ nq1 m ky2. For if not, there is a
homogeneous polynomial G of degree d y 1 with coefficients not all in m
such that wx nq3yckyd z ky ly2 f g g J nq1 m ky2, and thereforek
wx nq2 z ky ly2 , . . . , wx nq3yckyd y ckqd y1z ky ly2 4
is linearly dependent in J n m ky1rJ nq1 m ky2 as the coefficients of F G arek
not all in m. If k s l q 2, then
wx nq2 , . . . , wx nq3yt y ty1 4
n lq1 nq1 l  .is linearly dependent in J m rJ m , which contradicts Lemma 3.3 iii .
 .  n ky1 nq1 ky2 .If k ) l q 2, then by Lemma 3.4 iii , l J m rJ m F c qk
d y 1 - c , a contradiction.ky1
 nq2yck ky ly2 nq3yckyd dy1 kyly2 .Moreover, if u f wx z f , . . . , wx y z f qk k
J nq1 m ky2, then there are u , . . . , u such that1 c y1k
J n m ky1 s wx nq2yck z ky ly2 f , . . . , wx nq3yckyd y dy1z ky ly2 f , u , k k
u , . . . , u q J nq1 m ky2 ..1 c y1k
 nq2yckyi i kyly2 . ky ly1 tyck nq2ytSince ;0 F i F d y 1, wx y z f z g wz f J Jk k
: J nq1 m ky1 by Corollary 3.8 and uz g J nq1 m ky1 by assumption, we
have by Lemma 2.5 that
dy1
n k nq2yc yi i kyly2kJ m s wx y z f z q uz . . k
is0
q u z , . . . , u z q J nq1 m ky1 .1 c y1k
s u z , . . . , u z q J nq1 m ky1 .1 c y1k
 n k nq1 ky1.and it follows that l J m rJ m F c y 1, a contradiction. There-k
 .fore ii follows.
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LEMMA 3.10. Assume that l - r. Let l q 1 - k F N and n G t y 1. If
for some u and some integer j G 1, uf g J n m ky1 and uf z gk k
J nq1 m ky1, . . . , uf z j g J nq jm ky1, then uf z i g J nq1qiqcky 1yc k m ky2k ky1
;0 F i F j y 1.
Proof. It is sufficient to show that if uf g J n m ky1 and uf z gk k
J nq1 m ky1, then uf g J nq1qcky 1yc k m ky2. If c s c , then F sky1 ky1 k ky1
 . nq1 ky2lF for some unit l; hence by Lemma 3.9 i , uf s luf g J m sk ky1 k
J nq1qcky 1yc k m ky2.
 .If d s c y c ) 0, then by Lemma 3.9 ii ,ky1 k
uf g wx nq2yck z ky ly2 f , . . . , wx nq3yckyd y dy1z ky ly2 f q J nq1 m ky2 . .k k k
By multiplying f rf , we obtain that uf g J nq1qcky 1yc k m ky2 asky1 k ky1
nq2yckyi i kyly2 nq1qcky 1yc k ky2 ;0 F i F d y 1, wx y z f g J m . Noticeky1
that by Corollary 3.6,
wx nq2yckyi y iz ky ly2 f g wz ky ly2 f J tycky 1 J nq2ytqcky 1yc kky1 ky1
: J ty1J nq2ytqcky 1yc k m ky2
nq1qc yc ky2ky 1 ks J m ..
LEMMA 3.11. Assume that l - r. Let n G t y 1 and u g J n m N. Then
nqNqclq 1yl l w  . xuf g J m . Note that c s t by Lemma 3.3 iii .lq1 lq1
Proof. If N s l q 1, then by Corollary 3.8, uf g f m lq1J n :lq1 lq1
J tq1 m lJ n s J nqNqclq 1yl m l. Assume that N ) l q 1. Notice that c s 0Nq1
and J n m Nq i s J nq i m N; hence uz i g J nq i m N ; i F N y l y 1. Therefore
by Corollary 3.6, uz i f g J nq iq1qcN m Ny1 ; i F N y l y 1. It follows byN
 . i nqiq2qcNy 1 Ny2Lemma 3.10 n q 1 q c G t y 1! that uz f g J m ; iN Ny1
F N y l y 2. Inductively, we shall obtain that uf g J nqNylqclq 1 m l.lq1
w x  .Proof of Theorem 3.1. By 4 , we may assume that d s 2. Let J s x, y
be a minimal reduction of m such that x and y both are superficial
elements of m. By Corollary 2.11 we may further assume that m 3 / J m 2.
 .It then follows from Lemma 2.4 that m s x, y, z, z , . . . , z for some1 ey3
z, z , . . . , z g m such that z m : J m.1 ey3 i
 .Let r s r I be the reduction number of m with respect to J and let lJ
lq1 lbe the smallest integer such that m s J m . Then by Lemma 2.6,
2 F l F r.
We now suppose that l - r. Let integers t, c , and N be defined ask
above, and let w be an element such that wxy g m lq1 _ J m l. Let F ,k
k s l q 1, . . . , N, be polynomials that satisfy the conclusion of Corollary
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3.8. We claim: There are w , w , . . . , w g R such that w ' w x i0 1 ly1 i
w  ly1.x ty1 lyimod m and w f g J m .i lq1
To show the claim, we use induction on i. If i s 0, set w s w . Then the0
claim follows by Corollary 3.8. Assume it holds for some i, 0 F i F l y 2.
Let n G t y 1. Since c s 0 ; j G 1,Nq j
w x nqNz iq1 g w x i x tq1 m nqNyt : J ty1 m lq1 m nqNyti i
s J ty1 m nqNqlq1yt s J nq l m N
w  .xthe middle inclusion follows from Lemma 3.3 ii , so that by Lemma 3.11,
w x nqNz iq1 f g J nqNqclq 1 m l. Therefore by Corollary 2.7, w z iq1 f gi lq1 i lq1
J clq 1 m l s J t m l. Moreover, by induction w f g J ty1 m ly i. Since 2 F l yi lq1
 . t lyiy1i F l, by Lemma 3.3 iv , w f g J m . Let the overbars denotei lq1
t t lyiy1 tmod x. Then w y g y m the coefficient of the Y term of F is ai lq1
.unit by Corollary 3.8 , so that there exists w such that w y w x giq1 i iq1
ly iy1 iq1 w  ly1.xm and it follows that w ' x w mod m . Furthermore,iq1
w xf g J t m ly iy1; hence we obtain w f g J ty1 m ly iy1 by Corol-iq1 lq1 iq1 lq1
lary 2.7. This fulfills the claim.
From the claim, it is easy to see that w g m ly1, which is a contradiction
 .to Lemma 3.2. Hence l s r and depth G m ) 0 by Lemma 2.10.
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